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Abstract. The reggeon field theory in zero transverse dimensions is investigated. Two versions of the the-
ory are considered: one that allows for at most triple pomeron interactions and the other that embodies
an additional 2→ 2 quartic reggeon coupling. The behavior of the scattering amplitude at asymptotic
rapidities is obtained in both cases. In an s-channel picture of the high energy scattering both models
can be viewed as reaction–diffusion processes. We derive known results in reggeon field theory rather
easily using the reaction–diffusion formalism. We find that some results which are surprising from the
reggeon field theory point of view turn out to have a simple interpretation from the reaction–diffusion point
of view.

1 Introduction

High energy scattering in QCD may be described in terms
of a non-local field theory of QCD pomerons. In this
formulation the basic degrees of freedom – the BFKL
pomerons [1–4] – merge and split according to non-local
multi-pomeron vertices [5–13]. This approximation is con-
sistent with the unitarity of the S-matrix. Alternative
approaches to the unitarization of high energy amplitudes
use extensively methods of statistical physics combined
with field-theoretical calculations in QCD, see e.g. [14–34].
The coordinate space in all those formulations is the trans-
verse plane to the axis of the high energy collision. In
all cases the emerging evolution equations for high en-
ergy amplitudes are non-local functional equations which
are, so far, prohibitively difficult to solve exactly. There-
fore, it is useful to study a substantially simplified model
of the interacting pomeron theory, in which the depen-
dence of the pomeron fields on transverse coordinates is
discarded. The emerging simplified model – reggeon field
theory (RFT) in zero transverse dimensions – was pro-
posed and formally solved long time ago [35–40]. This
toy model exhibits some features which are present also
in the more realistic QCD pomeron field theory. There-
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fore, RFT in zero transverse dimensions offers a useful
testing ground for computational methods and recently it
enjoys revived interest [41–46]. The equivalence between
RFT and the statistical reaction–diffusion picture of high
energy scattering that holds in zero transverse dimen-
sions was noticed already in [47, 48], and we shall use the
equivalence to show how some surprising results of RFT
can be understood in simple terms within the s-channel
picture.
In Sect. 2 we consider the zero dimensional reggeon field

theory. Equations of RFT are derived from the Langevin
formulation and from the Lagrangian of RFT. Two dis-
tinct realizations of RFT are studied: a minimal RFT
with triple pomeron vertices only (which will be abbre-
viated as MRFT) and a theory with an additional 2→
2 pomeron interaction which is equivalent to a simple
reaction–diffusion s-channel model (which will be called
the reaction–diffusion RFT or RD-RFT). Asymptotic be-
havior of scattering amplitudes in both RFTs is obtained.
The minimal RFT yields a counter-intuitive exponential
decrease for the scattering amplitude T (Y )∼ exp(−E0Y )
at very large rapidities Y , with the leading order result
of E0 given by E0 ∼ exp(−µ2/2λ2), where µ denotes the
pomeron intercept and λ the triple pomeron coupling.
Clearly, the dependence of E0 on the triple pomeron coup-
ling is non-perturbative.
The presence of a quartic 2→ 2 pomeron coupling, λ′,

changes this picture. Namely, since E0 = 0 for λ
′ = λ2/µ,

the scattering amplitude approaches a constant value at
asymptotic rapidities instead of going to zero. In this case,
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the exact asymptotic solution of the RFT is given. Fur-
thermore, we briefly discuss two possible options of multi-
pomeron couplings to elementary external sources. Firstly,
the eikonal couplings that were usually assumed in RFT.
In the other scenario only a single pomeron coupling to the
elementary external source is allowed. The latter scheme is
realized in QCD where (at the leading logarithmic approx-
imation) only single BFKL pomeron couples to an elemen-
tary color dipole [6–9]. It is also favored by the s-channel
reaction–diffusion picture in which each elementary par-
ticle in the cascade may couple to at most one t-channel
exchange. In this context, it is particularly interesting to
consider the RFT counterpart of the reaction–diffusion
model in which only single coupling to external sources are
allowed with the strength α� 1 related to the pomeron
intercept µ = α and the triple pomeron coupling λ = α2.
In this model the high energy asymptotics, Y →∞, of the
scattering amplitude happens to be close to the unitarity
limit:

˜T (Y )−→
1

1− e−1/α2
, (1)

which should be contrasted with the result of RD-RFT
with the same parameters and eikonal couplings:

T (Y )−→
(1−1/e)2

1− e−1/α2
. (2)

In Sect. 3 we give a complementary analysis of the
scattering amplitudes in zero transverse dimensions in the
probabilistic reaction–diffusion framework. It turns out,
that the minimal RFTmay be represented in the s-channel
picture, analogously to the reaction–diffusion process. The
transition rates, however, do not obey the constraints of
the Markovian process – the transition coefficients are
negative that prohibits the genuine probabilistic interpre-
tation. Nevertheless, the quasi-reaction–diffusion picture
provides an efficient calculational framework. Thus, we
obtain results for high rapidity asymptotics of scattering
amplitudes that coincide with ones from the conventional
RFT framework, but the interpretation is more transpar-
ent. We also demonstrate the equivalence of the results
obtained within the proper reaction–diffusion framework
with the results of the correspondingRFT. Finally, the rep-
resentation of the eikonal model in the reaction–diffusion
framework is given. Curiously, the “grey disc” limit of the
scattering amplitudes given by (2) emerges as a conse-
quence of the normalization of the scattering states that is
smaller than one.
Finally, we note that a different s-channel picture has

recently been elaborated in [46] which is very different from
the one we have here discussed. The eikonal couplings are
used and boost invariance is preserved by having arbitrar-
ily high reggeon vertices in the hierarchy equations. The
system does not reach a fixed point, but rather reaches
a steady rate of increase of particles with increasing rapid-
ity. It will be interesting to try and further clarify which
of these pictures, if either, has the closest relationship with
four dimensional QCD.

2 Reggeon field theory
in zero transverse dimensions

2.1 Reggeon field theory from the Langevin equation

The general form of the Langevin equation in the Ito for-
mulation is

du(y+dy) =D1(u(y))dy+D2(u(y))dω(y) , (3)

where u(y) is a stochastic function of an evolution variable
y, dy is an infinitesimally small step of y, and ω(y) is re-
lated to a random noise variable ν(y),

dω(y) = ν(y)dy . (4)

The noise is taken to be Gaussian,

〈ν(y)〉= 0, 〈ν(y)ν(y′)〉= δ(y−y′) . (5)

Let us consider a dynamical quantity G(u) with u dis-
tributed with the probability density p(y, u). It follows
from the Ito calculus that the average value of this variable

〈G〉y =

∫

du p(y, u)G(u) , (6)

evolves according to the following master equation:

d〈G〉y
dy

=

〈

D1(u)
dG

du

〉

y

+

〈

D22(u)

2

d2G(u)

du2

〉

y

. (7)

Thus, assuming that moments of the variable u,

〈uk〉y =

∫

dup(y, u)uk (8)

obey the hierarchy of (deterministic) equations

d〈uk〉y
dy

= k
〈

D1(u)u
k−1
〉

y
+k(k−1)

〈

D22(u)

2
uk−2

〉

y

.

(9)

which closes if D1(u) and D
2
2(u) are analytic functions of

u. With an appropriate choice of the functions D1(u) and
D2(u), this hierarchy of equations may be made equivalent
to the equations of the reggeon field theory in zero trans-
verse dimensions. We choose the following form of D1(u)
andD2(u):

D1(u) = αu−βu
2 , (10)

D22(u) = 2(α
′u−β′u2) , (11)

which is equivalent to RFT with triple pomeron vertices
and a quartic 2→ 2 pomeron vertex. Indeed, with (10) and
(11), one obtains from (9) a closed set of equations:

d〈uk〉y
dy

= αk〈uk〉y+α
′k(k−1)〈uk−1〉y

−βk〈uk+1〉y−β
′k(k−1)〈uk〉y . (12)
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As it will be shown, those equations are the same as equa-
tions of RFT if the k pomeron amplitude Φk(y) is con-
nected to the kth moment 〈uk〉y in the following way:

Φk(y) =−(−α)
k 〈u

k〉y
k!

(13)

and the parameters α′, β and β′ are suitably adjusted.

2.2 Hamiltonian formulation of RFT

The analysis in this and the following parts of this section
recapitulates the formulation and the key results that were
obtained within RFT long ago [36–40]. We describe them
in some details in order to facilitate a comparison with the
following analysis within the s-channel framework.
Originally, RFT was formulated as a field theory (or

as quantum mechanics in zero transverse dimensions) of
pomerons. The basic degrees of freedom in this formulation
are the Gribov fields ψ and ψ+ that create and annihilate
the pomeron. The action defining the theory with triple
pomeron couplings only (MRFT) is defined in the following
way:

S =

∫

dy
{

ψ+∂yψ−µψ
+ψ+iλψ+(ψ++ψ)ψ

}

, (14)

where µ is the bare intercept of the pomeron and λ is the
coupling of the triple pomeron interaction. Note that the
action is symmetric under the transform

ψ←→ ψ+, y→−y , (15)

which corresponds to the symmetry between the target
and the projectile. After redefinition of the Gribov fields,
writing q = iψ+ and p= iψ, the action may be rewritten in
terms of real quantities:

S =

∫

dy {p∂yq+µqp−λq(q+p)p} . (16)

Then, the Hamiltonian of the problem is given by

H = µqp−λq(q+p)p . (17)

The commutation relation of the pomeron annihilation
and creation operators, [ψ,ψ+] = 1, implies [p, q] = −1
which may be realized for instance by identification of q
with a position operator and p with a differential operator,

p=−
∂

∂q
. (18)

In this representation the Hamiltonian takes the form

H =−(µq−λq2)
∂

∂q
−λq

∂2

∂q2
. (19)

In the following, the ratio 
= µ/λwill be used, which is the
large parameter of our model. Let us point out that the ac-
tion given by (13) is invariant under the transform defined

by λ→−λ and p→−p, q→−q. For λ > 0, the Hamilto-
nian of (19) is bounded from below on the positive half-axis
of q, and for the negative λ on the negative half-axis. Thus,
one chooses the domain for the quantum problem accord-
ingly and the spectrum depends only on |λ|.
The interacting pomeron systemwhose state is given by

Ψ(y, q) evolves according to a Schrödinger equation (with
an imaginary evolution variable):

−
∂Ψ

∂y
=HΨ . (20)

The complete definition of the problem requires that the
domain of q and the boundary conditions are specified.
This, however, depends on the particular choice of the cou-
plings. For the minimal RFT it was shown that it is suf-
ficient to consider 0≤ q ≤∞ with Ψ(y, q) that obeys the
conditions

Ψ(y, 0) = 0 , lim
q→∞

∂qΨ(y, q) = 0 (21)

at all rapidities y.
The state Ψ(y, q) embodies the complete information

about k pomeron amplitudes Φk(y) in the t-channel,

Ψ(y, q) =
∞
∑

k=1

Φk(y)q
k . (22)

The following hierarchy of equations, equivalent to (20):

dΦk
dy
= µkΦk+λk(k+1)Φk+1−λ(k−1)Φk−1 ,

k = 1, 2, . . . (23)

is identical to the hierarchy of equations (12) describing
the evolution of moments 〈uk〉 in the Langevin formulation
after the substitution (13) provided that it is set

α= µ , αα′ = β/α= λ , β′ = 0 . (24)

Note that the target–projectile symmetry of RFT imposes
the constraint

β = α2α′ (25)

on the Langevin formulation.

2.3 External couplings and scattering amplitudes

The scattering amplitudes in the reggeon field theory may
be obtained after the bulk action given by (14) is sup-
plemented by the action describing the coupling of the
pomeron system to external particles. In the original for-
mulation of RFT the eikonal couplings were assumed; that
is, the coupling of k pomerons to the external source was
given by a product of k single pomeron couplings mul-
tiplied by the combinatoric symmetry factor, 1/k! for k
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outgoing pomerons.1 In this scenario, the initial condition
of the RFT Hamiltonian evolution is obtained by a resum-
mation of multi-pomeron source amplitudes:

Ψ(y = 0, q) =
∞
∑

k=1

Φk(0)q
k =

∞
∑

k=1

−(−g1)kqk

k!

= 1− exp(−g1q) , (26)

where g1 is the coupling of the pomeron to the source.
Thus, the scattering amplitude in RFT at rapidity y is
given by

T (Y ; g1, g2) =
∞
∑

k=1

Φk(Y )g
k
2 = Ψ(Y, g2) , (27)

where g2 is the pomeron coupling to the projectile.
In the alternative realization of RFT only a single

pomeron coupling is possible to an elementary (thus
not evolved) external source. This assumption naturally
emerges if one considers dipole–dipole scattering in QCD.
Then, the initial condition of the Hamiltonian evolution is
given by

˜Ψ(y = 0, q) = Φ1(0)q = g1q , (28)

and the scattering amplitude may be obtained as

˜T (Y ; g1, g2) = g2Φ1(Y ) = g2
∂Ψ(Y, q)

∂q

∣

∣

∣

∣

q=0

. (29)

2.4 High rapidity asymptotics of the minimal RFT

The solution to the Hamiltonian problem (20) may be
given in terms of an infinite summation over a discrete set
of eigenstates with wave function ψn(q),

Ψ(y, q) =
∞
∑

n=0

λne
−Enyψn(q) , (30)

with the eigenvalues of the HamiltonianH denoted by En,
n= 0, 1, 2, . . .Clearly, the asymptotic rapidity dependence
of the scattering amplitude is governed by the lowest eigen-
value E0.
Minimal RFT is known to exhibit a counter-intuitive

feature of an asymptotic decrease of the scattering ampli-
tude down to zero at Y →∞. This happens because the
lowest eigenvalue E0 of the RFT Hamiltonian is positive.
We shall recall a heuristic derivation of E0, given in [39]
that demonstrates this explicitly.

1 This assumption seems to be rather natural for interacting
point-like objects, but it may be not applicable in the case of
QCD pomerons. In particular, due to the complex non-local
nature of the BFKL pomeron, only one BFKL pomeron can
couple to an elementary color dipole in the leading logarithmic
approximation.

First, let us transform the eigenfunction corresponding
to E0:

ψ0(q) = e
(q−�)2/4f0(q) , (31)

which leads to the following equation for f0(q):

H ′f0(q) =

(

−
∂2

∂q2
−
1

2
+
1

4
(q−
)2

)

f0(q) =
E0

λq
f0(q) ,

(32)

and the boundary conditions in (21) impose the following
behavior of f0(q):

f0(q = 0) = 0 , (33)

f0(q→∞)∝ e
−q2/4+q�/2 . (34)

This eigenvalue problem may be solved approximately
starting from the simpler problem of the ground state
of the harmonic oscillator, with only a modification due
the initial condition (33). In this case, the Coulomb term
E0/λq is treated as a small perturbation. Then the value
E0 must be adjusted so that the lowest eigenvalue of
the operator H ′−E0/λq vanishes. Fortunately, the eigen-
functions of operator H ′ in (32) defined on L2R(0,∞) are
known. These are parabolic cylinder functions Dν(q−
):

H ′Dν(q−
) = νDν(q−
) . (35)

It emerges self-consistently that ν quickly vanishes with in-
creasing 
, specifically ν ∼ e−�

2/2. The initial condition at
q→ 0 implies

Dν(−
) = 0 , (36)

fulfilled by ν = ν0 that may be obtained approximately
after performing asymptotic expansion ofDν(−
) in terms
of the large parameter 
:

ν0 



√
2π
e−�

2/2
(

1+O
(

1/
2
))

. (37)

In the first order of the perturbative analysis in E0, the
contribution of the Coulomb term is given by

〈

E0

λq

〉



E0

λ

∫

D2ν0(q−
)

q
dq 


E0

λ


(

1+O
(

1/
2
))

.

(38)

This correction must be adjusted so that it cancels to zero
the energy of the operatorH ′−E0/λq. Thus it follows from
(35) and (38) that

E0

µ
= ν0 , (39)

leading to the energy of the ground state

E0 

µ

√
2π
e−�

2/2
(

1+O
(

1/
2
))

, (40)
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and the behavior of the RFT wave function at large
rapidities,

Ψ(y, q)∼ e(q−�)
2/4Dν0(q−
)e

− y√
2π
µ�e−�

2/2

. (41)

In the derivation it was assumed that λ > 0, and the re-
sults for general λ are obtained by the replacement λ→|λ|;
see the comment after (19). Therefore, the scattering am-
plitudes at fixed external couplings decrease exponentially
with increasing rapidity,

T (Y, g1, g2)∼ exp

[

−
Y
√
2π
µ
e−�

2/2

]

. (42)

Note that the exponent E0 is exponentially small at large

, E0 ∼ e−�

2
, and that the splitting of E0 from zero is

a non-perturbative effect in the triple pomeron coupling,
λ= µ/
. This exponential decrease of the amplitude may
be interpreted as a result of a tunneling phenomenon [36,
39, 40]. In fact, the tunneling rate was explicitly calculated
using the instanton calculus [40] which gives exactly the
Y -dependence given by (42). Thus, the semi-classical cal-
culation of the (eikonal) MRFT scattering amplitude at
large Y yields

T (Y, g1, g2)
 (1− e
−�g1)(1− e−�g2)

× exp

[

−
Y
√
2π
µ
e−�

2/2

]

. (43)

2.5 Markovian RFT

Another special case of RFT is obtained for the choice

α′ = α , β′ = β = α3 , (44)

in the Langevin equation. In this case the evolution of
the system may be represented in terms of a Markovian
reaction–diffusion process in zero dimensions with the 1→
2 particle splitting probability α and 2→ 1 particle merg-
ing probability β = α3. To be precise, in this case the hier-
archy of the evolution equations (12) for the moments 〈uk〉,

d〈uk〉y
dy

= αk〈uk〉y+αk(k−1)〈u
k−1〉y

−α3k〈uk+1〉y−α
3k(k−1)〈uk〉y , (45)

is identical to the hierarchy of the evolution equations (69)
for the factorial moments n(k) of the particle number in the
reaction–diffusion process. This version of RFT, which we
denote as RD-RFT, is defined by the following hierarchy of
evolution equations for k pomeron amplitudes:

dΦk
dy
= µkΦk+λk(k+1)Φk+1

−λ(k−1)Φk−1−λ
′k(k+1)Φk , (46)

with the pomeron intercept µ = α, the triple pomeron
coupling λ = α2 and the quartic 2→ 2 pomeron coup-
ling λ′ = α3. Consequently, the Hamiltonian of the system
reads

HM = (λq
2−µq)

∂

∂q
+(λ′q2−λq)

∂2

∂q2
. (47)

In general, the Hamiltonian HM factorizes into a q-
dependent part (without derivatives) and a ∂/∂q-depen-
dent part provided that λ′/µ = (λ/µ)2. This condition is
obeyed in particular by the values of λ and λ′ imposed
by the relation to the reaction–diffusion model, and the
Hamiltonian reads

HM = α
(

αq2− q
)

(

∂

∂q
+α
∂2

∂q2

)

. (48)

In order to find the scattering amplitude we consider the
quantummechanical problem defined by this Hamiltonian:

−
∂Ψ

∂y
=HMΨ . (49)

The boundary conditions that should be imposed on
Ψ(y, q) in the regular singular points q = 0 and q = 
= 1/α
are the following:

Ψ(y, q = 0) = 0 , (50)

Ψ(y, q) is an analytic function around q = 1/α . (51)

The solution may be represented in terms of the eigenfunc-
tions ψn(q) and eigenvalues of the HamiltonianHM

Ψ(y, q) =
n=∞
∑

n=0

λne
−Enyψn(q) . (52)

Clearly, the state characterized by

E0 = 0 , (53)

ψ0(q) = 1− e
−q/α , (54)

is an eigenstate. In fact, this is the ground state of HM ,
which dominates the scattering amplitude at high rapidi-
ties y. All the higher states with n = 1, 2, . . . obey the
condition2 ψn(
) = 0; see e.g. [44]. Therefore, the weight λ0
in (52) may be found from the initial condition at y = 0,

Ψ(y = 0, q = 1/α) = λ0ψ0(1/α) = λ0(1− e
−1/α2) , (55)

and the solution at large y is approximately given by

Ψ(y, q)

Ψ(0, 1/α)

1− e−1/α2
(1− e−q/α) . (56)

2 This may easily be seen from an analysis of the power-series
solutions of the eigenvalue equation, HMψn = Enψn, around
the regular singular point q = �. Namely, for any En �= 0 there
exists an analytic solution which approaches zero as q−� at
q→ �. The other independent solution does not vanish at q = �
but it contains non-analytic terms ∼ log(�− q), and thus it is
rejected.
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Assuming the eikonal couplings to the external sources,
characterized by coupling constants g1 and g2, the initial
condition takes the form Ψ(0, q) = 1− exp(−g1q), and the
scattering amplitude at high Y reads

T (Y, g1, g2)

(1− e−g1/α)(1− e−g2/α)

1− e−1/α2
. (57)

For g1 = g2 = α� 1 and Y →∞ this amplitude tends to
(1− 1/e)2/(1− e−1/α

2
), which is far from the unitarity

limit.
In the standard reaction–diffusion picture only coup-

ling of a single pomeron to the elementary external source
is allowed, with the strength α, and g1 = g2 = α. Then,
with the initial condition Ψ(0, q) = q/α, one obtains for
αY � 1

T̃ (Y, g1, g2)
∣

∣

∣

g1=g2=α


(g1/α)(g2/α)

1− e−1/α2

∣

∣

∣

∣

g1=g2=α

=
1

1− e−1/α2
. (58)

As we will see in the next section, the results for the
amplitude given by (57) or (58) may be reproduced in the
reaction–diffusion model confirming the equivalence of the
approaches.

3 High energy behavior
of the scattering amplitude
in diffusion reaction framework

In this section we use the reaction–diffusion formalism to
reproduce the above results in reggeon field theory. This
yields two benefits. First the results of reggeon field theory
emerge rather easily using the reaction–diffusion formal-
ism, and, secondly, some seemingly surprising results from
the reggeon field theory point of view have a simple inter-
pretation from the reaction–diffusion point of view.

3.1 3P coupling only

High energy scattering where only a three-pomeron in-
teraction is present in the reggeon field theory is a very
natural theory to study from the t-channel (reggeon field
theory) perspective. It does not naturally correspond to
a reaction–diffusion theory, but, formally, one can force it
into such a description. As we have seen in the previous sec-
tion the hierarchy equation for the factorial moments, n(k),
is

dn(k)

dy
= αkn(k)+αk(k−1)n(k−1)−βkn(k−1) , (59)

with

n(k)(y) =
∞
∑

n=k

Pn(y)n(n−1) · · · (n−k+1) , (60)

and where Pn is the probability of having exactly n par-
ticles in the system at time (rapidity) y. The hierarchy
equation is equivalent to the master equation

dPn
dy
=−αnPn+α(n−1)Pn−1

+β(n+1)(n+2)Pn+2−βn(n+1)Pn+1 ,
(61)

which requires an elementary 1→ 2 splitting with transi-
tion rate α, a 2→ 0 vertex having transition rate β and
a 2→ 1 vertex with transition rate −β. These latter two
vertices are certainly not natural in a genuine reaction–
diffusion process, especially the 2→ 1 vertex with nega-
tive probability. Nevertheless, formally, such vertices in
a reaction–diffusion context are equivalent to a reggeon
field theory having only a triple pomeron coupling. The
presence of a 2→ 1 vertex with a negative transition rate
means that Pn is not guaranteed to be positive, but, as we
shall see, this does not appear to cause difficulties in the
situation we shall be considering.
The presence of a 2→ 0 vertex means that

dP0
dy
= 2βP2 , (62)

so that there are transitions into the zero-particle state.
However, there are no transitions out of the zero-particle
state, as is apparent from (61), so that ultimately the sys-
tem will settle down completely into the zero-particle sec-
tor. However, in the situation of interest to us, β = α3 is
very small, so that P2 at early times is very small, and thus
the lifetime of the system is very long, of size e1/2α

2
, as we

shall find below. Thus, the system will first settle down,
rather quickly, into a quasi-stable state, and then slowly all
the probability will appear in the n = 0 sector. This slow
transition to the n= 0 state will correspond to the tunnel-
ing of the 3P reggeon field theory discovered long ago.
To be specific, suppose at y = 0 we take

Pn(0) = δn1 ; (63)

that is, we start with a single particle. So long as α/β� 1,
the probability rapidly flows to higher n states, according
to (61), via 1→ 2 transitions.When n reachesα/β, the 2→
0 and 2→ 1 transitions become important and the system
becomes metastable. It is easy to check that

Pn =
c

2

(

α

β

)
n+1
2 (n−2)!!

n!
e−α/(2β) , (64)

with (−1)!!≡ 1, gives dPndy = 0 for n> 1 when (64) is substi-
tuted into (61) and furthermore that this is the case even
when a different value of c is taken for even values of n
as compared to odd values of n. The n = 0 part of (61)
is given by (62), which, along with the n= 1 part of (61),
is the only departure from (64), being a fixed point solu-
tion. Now, starting from (63), we expect that Pn should be
smooth in n at large values of n. In order to ensure this
smoothness one must choose the c in (64) to be different for
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even and odd values of n. A simple calculation shows that if
one takes

c= 1 for odd n ,

c=
√

2/π for even n , (65)

then (64) is smooth in n, for large n, and Pn is a normalized
probability distribution when α/β� 1. One can expect the
form (64) to set in at a “time”

y0 
 1/2β (66)

after the start of the evolution of the system from the initial
distribution, (63).
Now, as time goes by, more and more of the probability

of the system will be located in the n= 0 state. This means
that one must change the normalization of (64) to account
for the loss of probability in the normal n �= 0 states. This
is easily done by including a factor 1−P0(y) on the right
hand side of (64). One can then, in general, write (62) as

d

dy
(1−P0) =−2βP2(1−P0) , (67)

where P2 is given exactly by (64). This equation is easily
solved as

1−P0(y) = exp

[

−
y
√
2π

(

α3

β

)1/2

e−α/2β

]

. (68)

This is exactly the tunneling probability found by Alessan-
drini et al. [36–40] and given in (43) above.
The factor multiplying −y in the exponent in (68) is to

be identified with αP −1, with αP the pomeron intercept.
The high energy scattering amplitude will decrease at large
y; a result here that is easily interpreted as the loss of prob-
ability from the active states, n �= 0, to the inactive, n= 0,
state. In the reaction–diffusion picture there is no tunnel-
ing, only a very slow loss of probability from the metastable
fixed point configuration of probabilities given by (64) into
the n= 0 state.

3.2 3P and 4P couplings

The hierarchy equation (see (45))

dn(k)

dy
= αkn(k)+αk(k−1)n(k−1)

−βkn(k+1)−βk(k−1)n(k) (69)

along with the corresponding master equation

dPn
dy
=−αnPn+α(n−1)Pn−1

+βn(n+1)Pn+1−βn(n−1)Pn (70)

correspond to a genuine reaction–diffusion process with
a 1→ 2 vertex of strength α and a 2→ 1 vertex of strength

β; see e.g. [29]. In reggeon field theory language the addi-
tional term in (69), as compared to (59), corresponds to
a 4P coupling. The fixed point solution to (69) and (70) is

Pn =
1

n!

(

α

β

)n
1

eα/β−1
(71)

and

n(k) = (α/β)n
eα/β

eα/β−1
. (72)

Equation (70) does not have transitions to the n= 0 state,
so if one takes a normalized initial condition having P0 = 0,
then P0(y) will remain equal to zero. When α/β� 1, the
fixed point solution is very close to a Poisson distribution
of probabilities. The fact that there is now a genuine fixed
point solution to the reaction–diffusion problem guaran-
tees that αP = 1 in the solution to the reggeon field theory,
and this indeed is the case as we have seen in Sect. 2.5.

3.3 High energy amplitudes

As discussed earlier in Sect. 2.3, it is not so straightforward
to decide how to define a high energy scattering ampli-
tude. In reggeon field theories one has to decide how the
pomeron field, the dynamical variable in the theory, cou-
ples to external particles that are not part of the dynam-
ics of the theory. The most common choice, given in (26)
and (27), has been to directly couple the pomeron field
to a source at y = 0 with strength, say, g1 and to another
source of strength, say, g2 at y = Y . In the following, we
shall deal exclusively with the model described in Sect. 3.2
as this seems the more interesting case. The 3P case is
easily treated by the same methods, and the result is as
in (43).
Once an s-channel picture of the dynamics is intro-

duced, more constraints on the definition of the scattering
emerge. In the first place the particles which scatter are
the same as the particles making up the s-channel dynam-
ics. Secondly, the scattering is no longer manifestly boost
invariant. For example, in the center of mass the scatter-
ing looks like a scattering of two highly evolved systems,
while in the rest frame of one of the particles the scat-
tering looks like that of a highly evolved system on an
elementary quantum. For both (59) and (69) boost invari-
ance can be satisfied by taking the scattering amplitude
to be

T (Y ) =
∞
∑

k=1

(−1)k−1

k!
α2kn(k)(Y0)n

(k)(Y −Y0) , (73)

where Y0 is arbitrary. Equation (73) represents scattering
as the sum over k interactions of elementary quanta in one,
say left-moving, system evolved to rapidity Y −Y0 and an-
other, right-moving, system evolved to rapidity Y0. The
elementary interactions are of strength α2, and T is inde-
pendent of Y0 if α

3 = β. The use of factorial moments seems
necessary in (73) in order to get boost invariance. At large
y values, n(k)(y) approaches the fixed point solution given
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in (72), independent of the initial condition, in the case of
a genuine reaction–diffusion process corresponding to 3P
and 4P interactions. T is most easily evaluated by taking
Y0 = 0, in which case

T (Y ) = α2n(1)(Y ) , (74)

which has the large Y limit

T (Y )
˜Y→∞
α3/β

1

1− eα/β

 1+e−1/α

2
, (75)

where we have taken α3 = β in the right-most expression in
(75). This agrees with the result found from reggeon field
theory in (58). The fact that T is very near one at large Y
and small α follows from the fixed point properties of the
theory along with boost invariance and is independent of
the initial condition for the system, so long as the initial
states are normalized to unit probability.
Now let us evaluate the scattering amplitude in the

eikonal model, repeating the derivation given in Sect. 2.5,
but from a different perspective. It is still convenient to
use reaction–diffusion dynamics, but we shall define T in
the way that has been traditional in reggeon field theories.
That is, we take, corresponding to (27),

T (Y ) =
∞
∑

k=1

(−1)k−1

k!
(g2α)

kn(k)(Y ) , (76)

where n(k) satisfies the hierarchy equations (69) of the
reggeon field theory. The initial condition for n(k) is

n(k)(0) = (g1/α)
k , (77)

expressing the eikonal model of pomeron interactions with
the external particle (source) at y = 0. Now (77) requires

Pn(0) =
1

n!
(g1/α)

ne−g1/α . (78)

We note that

∞
∑

n=1

Pn(0) = 1− e
−g1/α , (79)

so that the initial state is not properly normalized from the
s-channel (reaction–diffusion) point of view. Equation (79)
gives

n(k)(Y )
˜Y→∞(1/α

2)k(1− e−g1/α)
1

1− e−1/α2
, (80)

which, when used in (76), gives, as in (57),

T (Y )
˜Y→∞
(1− e−g2/α)(1− e−g1/α)

1

1− e−1/α2
(81)

or

T (Y )
˜Y→∞(1− e

−g2/α)(1− e−g1/α) , (82)

where we have dropped small terms, of size e−1/α
2
, in ob-

taining (82), which is the same as given in [13, 38, 39].
Equation (82) expresses “grey” rather than “black”

scattering. From the reggeon field theory point of view this
result is rather mysterious; why should a strongly inter-
acting scattering not saturate unitarity at high energy?
From the reaction–diffusion (s-channel) picture the factors
in (82) just represent the normalization of the states (see
(79)) involved in the scattering.

3.4 Generating functions

For completeness, let us finish with a brief discussion of
the generating function, Z(y, v), for the occupation num-
ber probabilities, Pn(y), in the reaction–diffusion process,

Z(y, v) =
∞
∑

n=1

Pn(y)v
n , (83)

where v is an auxiliary variable. The probabilities of the n
particle states may be expressed as

Pn(y) =
1

n!

∂nZ(y, v)

∂vn

∣

∣

∣

∣

v=0

, (84)

and the factorial moments read

n(k)(y) =
∂kZ(y, v)

∂vk

∣

∣

∣

∣

v=1

. (85)

The generating function is intimately connected to the
wave function of the corresponding RFT, given by (22).
Using (13) and (22), the identification 〈uk〉y = n(k)(y), and
the relation in (85), we obtain

Ψ(y, q) =−
∞
∑

k=1

1

k!

∂kZ(y, v)

∂vk

∣

∣

∣

∣

v=1

(−αq)k , (86)

which may be simplified to

Ψ(y, q) = Z(y, 1)−Z(y, 1−αq) . (87)

It is straightforward to verify that the inverse relation
reads

Z(y, v) = Ψ(y, 1/α)−Ψ(y, (1− v)/α) . (88)
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